It is shown that a unitary theory of interacting phonons with orthogonal polarization vectors can be described by a pure SU(2) Yang-Mills theory. The three orthogonal modes: the two transverse and one longitudinal mode for each value of the momentum must be dotted into the SU(2) generators for interactions to occur in a conveniently unitary form. Without this the commutation relations and the antisymmetry of the Field Strength Tensors results in all scattering vertices cancelling. This suggests that the electron states in strongly anharmonic crystals, which are the phonon source terms, may be non-trivial and consist of a many-body structure which is not describable in terms of single quasiparticles.
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Anharmoncity in crystal systems is a well-known phenomenon with a long history of study. 1 In metal oxides such as VO 2 and the cuprate superconductors there are many examples of crystal structure transformations suggestive of non-trivial lattice dynamics.
2 In a previous study 3 it was found that by appropriately grouping the possible spin and electron-hole degrees of freedom, that such materials may have their boson-spinor interactions described by an SU(2) Yang-Mills theory. In that work it was postulated that in some special polar crystal configurations, such as those of the aforementioned oxides, that the transverse phonons may couple to the spins of the electrons and holes. In this work a different tack is taken, the existence of a Yang-Mills theory is demonstrated by assuming: i) that the usual two transverse and one acoustic phonons of a three-dimensional crystal exist, ii) they are described by space-and time-varying vector fields: the polarization vectors, and iii) these phonons can interact with each other.
For a unitary Quantum Field Theory in which all phenomena are described by particle propagation or scattering, we expect that interaction terms entering the Lagrangian can be conveniently represented as polynomial expressions of field operators. For example the scattering of two bosons into a third boson would look something like:ÂB
which can then be overlapped with a final state to compute an amplitude. However, for vector bosons, such as phonons, the operators create and annihilate polarization vectors (ǫ µ (p)), and therefore unitary scattering vertices expressed in this manner must describe the product of two vectors which gives a third vector. A simple way to do this with out loss of generality is for the vertex to consist of a cross product of the incoming vectors. Schematically:
Or in the more suggestive form:
where here f µνσ is the antisymmetric Levi-Civita symbol (in this work f is used as a label to distinguish it from the polarization vectors), and we expand each polarization vector in a basis of unit vectors describing the 3 + 1-dimensional spacetime they inhabit:
where the λ are the basis vectors. Aside: we are addressing the case of phonons here which do not transform as Lorentz vectors as the crystal structure has an underlying orientation, and thus their polarization vectors have no time component. However, the time derivatives are obviously still present, so it is convenient to use the space-time notation with the implication that since ǫ 0 (p) = 0 then terms of the form ∂ µŴ0 are all zero. Therefore, there is no contribution to the phonon field from a scalar potential, it is a vector potential only. This also means we do not require the Lorentz gauge condition to constrain the polarization vectors, and the Ward-Takahashi identity 4 is not required to eliminate the longitudinal mode.
To see how the antisymmetry occurs: for any Vector Field W µ (x) which can be decomposed into normal modes, we can write its dynamics in the form of the Action:
where:
is the curvature form which gives the wave behaviour of the vector modes (i.e. the Field Strength Tensor), and
That is, the ∂ µ W ν terms describe the change in the polarization vector's ν component when incremented in the µ direction. The time increment obviously gives information on the energy, i.e. the larger the derivative the higher the energy, while the spatial derivatives give information on the wavelength, a smaller spatial derivative obviously will result in a longer wavelength for a normal mode.
It is an experimental fact that phonon-phonon scattering occurs, 1,5 which renders the potential anharmonic, and thus to describe the field strength of a particular mode at a spacetime point x we must include a contribution which comes from the scattering. That is, the derivative term in the Field Strength Tensor gives the contribution to the polarization vector of the mode from the different momentum states, which is a complex number having norm in the range [0,1], derived from the mode 4-momentum, and we need an extra term to account for interactions. Thus, F µν for bosons of type a will contain a kinetic factor from the derivative, and also two bosons of type b and c could interact to produce an a boson (for the present, a, b, c are not necessarily different, just a label to capture all of the different possibilities). If we consider a three-dimensional system, we have the usual two transverse and one longitudinal acoustic modes, then for example the contribution to F µν of the polarization vector of a longitudinal mode inside a particular unit cell may contain terms arising from the scattering of the two transverse phonons. At each spacetime point x = (t, R), where R labels unit cells, we sum over the momentum states of each branch, and thus there is no scattering between modes of the same branch (this would be doublecounting).
Therefore, as the contribution to the polarization vector may contain contributions from scattering of the other two modes we must modify the derivative term in the Field Strength Tensor to include this. That is:
where theŴ a µν term arises from scattering of the other two modes and the prefactor g describes the amplitude for this scattering to occur (this may be a function of the momentum states, for simplicity this aspect is ingored as it has no bearing on the discussion) and the i just matches the factor pulled down by the derivative. Of course this contribution can be positive or negative, but the field operators contain both creation and annihilation operators. Following our insistence on unitarity, we expect scattering vertices to be polynomial in the field operators, and thus we make the ansatz that we can replace this term by a product of two modes: 9) by virtue of the commutation relations of the boson creation and annihilation operators, and the fact that the µ and ν are both summed over, as are the phonon branch labels a, b, c. The last term on the right-hand side is just a commutator of the b and c fields, and can be re-arranged to:
where again f abc is the anti-symmetric Levi-Civita symbol, i.e. now a is different to b which is different to c. This is not particularly mysterious, the expression for the Field Strength Tensor of equation (9) generates all combinations of terms which as a result of the antisymmetry of F µν gives all possible cross products, equation (10) just groups them into a convenient and suggestive form. However, the Vector Fields themselves are bosons, and thus their operators commute, which means that this term is zero if we are taking simple products of the fields. Therefore, if we write a unitary description of the scattering of three dimensional vector fields using the cross-product, we end up with all of the scattering terms cancelling.
To generate a non-zero interaction term we can dot the fields into objects which obey such commutation relations:
and
This is the familiar commutation relation of the generators of a Lie Algebra. As there are three types of acoustic phonon, the two transverse and one longitudinal mode, this commutator defines the algebra of the Lie Group SU(2) and the generators (T a ) are the Pauli matrices. This reveals that the contribution to the Field Strength given by antisymmetric combinations of the derivatives ∂ µŴν which comes from scattering is the Lie Derivative. Intuitively this makes sense as the curvature form is telling us how rapidly the phonon polarization vectors are changing as a function of spacetime, and the contribution to the polarization vector from scattering (i.e. the change in the polarization vector as a result of scattering) is also in the form of a derivative, and carries the same spacetime indices. It is interesting that such a structure arises without any reference to gauge invariance.
Squaring this extended Field Strength Tensor to form an action gives us interaction vertices of the form:
which are polynomials in the field operators, and thus satisfy our requirement for unitarity, and the antisymmetry gives cross products which describe two orthogonal incoming vectors interacting to form a vector orthogonal to the first two, and we have shifted:Ŵ a µ →Ŵ a µT a . Thus we find that representing the three types of phonon field strengths by curvature forms and requiring that they interact generates an SU(2) Yang-Mills theory.the source terms, i.e. the spinors, which are related to the boson operators by ∂ ν F µν = J µ . To create vector fields in the form of two-component matrices the spinors to which such terms are coupled must be stacked appropriately. The structures of the source terms and thus the electron-phonon interactions are explored in a different study, 3 where it is found that the electron liquid takes the form of interacting double-stacked 4-component spinors, in which the individual spinors are Weyl spinors consisting of an electron and a hole, i.e. a Nambu spinor.
It therefore seems that anharmonicity may not be a consequence of the interactions of single quasiparticles with the lattice, and thus systems in which anharmonicity is present have a richer many-body structure to their spinor states.
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